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Solution of the Ornstein-Zernike Equation for
a Soft-Core Yukawa Fluid

P. T. Cummings,' C. C. Wright,® J. W. Perram,? and E. R. Smith?-®
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A model for simple fluids is proposed in which the radial distribution
function has a parametric form appropriate to a soft-core fluid for inter-
particle separation r < R, where R is some range parameter. For r > R,
the direct correlation function is assumed to be of Yukawa form. The
Ornstein—Zernike equation is solved for this system, yielding the radial
distribution and the total correlation function for the entire range of
interparticle separation. Methods of relating the model fluid to a real
fluid by assigning values to the parameters are discussed.

KEY WORDS: Ornstein—Zernike equation; Baxter's factorization; soft-
core; Yukawa closure.

1. INTRODUCTION

In a recent paper Perram and Wright® introduced a method for describing
the correlation functions for a fluid with soft-core repulsions. The Ornstein—
Zernike equation®

H(IeD = e(leD + p [ ds c(r = spis) ®

where p is the number density, A(r) is the total correlation function, and
¢(r) is the direct correlation function, was solved for A(r) having the para-
metric form

M A2 [sinh Ax
h(X)="~1+l=Zlc—OS‘B—‘X:[——X:x—’—1:|> 0<x<1 (2)

Supported by ARGC grant No. B7715646R.

1 Department of Mathematics, University of Melbourne, Victoria, Australia.

2 Matematisk Institut, Odense Universitet, Odense, Denmark.

3 Permanent address: Department of Mathematics, University of Melbourne, Victoria,
Australia.

659
0022-4715/79/1200-0659$03.00/0 © 1979 Plenum Publishing Corporation



660 P. T. Cummings, C. C. Wright, J. W. Perram, and E. R. Smith

and the direct correlation satisfying
c(x) =0, x> 1 3)

Equations (2) and (3) may be considered to be appropriate to the Percus-
Yevick approximation for a purely repulsive potential whose range R is
here set to be 1 for convenience. Viewed in this way, Eq. (2) may be regarded
as an ansatz for A(x) on the domain 0 < x < 1. The motivation for this
model fluid was the need to describe more adequately correlations in fluids
whose intermolecular potential has a soft-core component, typically softer
than, for example, the repulsive part of the Lennard-Jones potential. The
latter has been adequately described in terms of hard-sphere repulsions via
the WCA perturbation theory.® However, for softer potentials, such as
those relevant to liquid metals® and argon,® a reference potential less
harsh than hard spheres is desirable.

In addition to these considerations of the inadequacy of the treatment
of the soft core, some attention must be given to including a more realistic
form of the direct correlation function for x > 1 than that assumed in
Eq. (3). Despite the convenience of assuming Eq. (3), it is nonetheless in-
correct even for the case of noninteracting hard spheres.” Much recent
work on hard-core fluids has centered around assuming that c(x) has a
Yukawa form for x > 1. This may be regarded as a mean spherical ap-
proximation for fluids interacting with an attractive Yukawa potential® or
as an ansatz for the real c(x) outside the hard core, resulting in a generalized
mean spherical approximation (GMSA).® The success of the GMSA and
the recent suggestion of Heye and Stell regarding the use of the Yukawa
form of ¢(x) to enforce self-consistency on the Ornstein—Zernike equa-
tion®V implies that a more appropriate form for ¢(x) is given by

N Kje—zj(x~1)
X) = —_ > 4
= 3T x> 1 @

In Section 2 we solve the Ornstein-Zernike equation with closure rela-
tions given by Egs. (2) and (4). This model combines the desirable features
of soft-core repulsions and a form of direct correlation relevant to a realistic
intermolecular potential. In Section 3 we discuss methods of assigning the
2 x (N + M) parameters (a;, A;, K;, and z;) in such a way as to model the
behavior of real fluids.

2. METHOD OF SOLUTION

The method of solution used is that of Baxter’s factorization tech-
nique.*® The Fourier transform of the Ornstein-Zernike equation may be

written as 3
[1 — pe(®][1 + ph(k)] = 1 &)
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where é(k) and A(k) are the Fourier transforms of the direct correlation
function and total correlation function, respectively. Following Baxter,*?
we find that

A(ky = 1 — pé(k) = O(k)O(—k) (6)
where O(k) is related to a real-space function ¢(r) by the pair of relations
00 =1 - 2mp | dx e¥5g(x) 0
¢
1¢° . A
2upq() = 5= | el - 0G) ®

Using the condition contained in Eq. (4) and closing the integral in Eq. (8)
around the upper half-plane for x < 0, and around the lower half-plane
for x > 1, we find that

0, x<0
x)=< X 9
g(x) fen xs 1 ©)

i=1
where
K]‘ 1 - .

s = = > =i, N 10
BJ Zj Q(ZZJ) J ( )

We now define a function g4(x) by the relation

1) = 0@ + D Be D, x>0 an

so that
go(x) = 0, x>=1

Inversion of the Ornstein—Zernike relation [Eq. (5)] and Eq. (6) yields

—g@) + HE) — 127 f dt g(OH()x — 1]) = 0 (12)
SC) = ) — 120 dra(natr — ) (13)

where
H(x) = f " th(t) dt (14)

S(x) = f " 1) dt (15)
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and

n = (7[6)p (16)
Equations (12) and (13) are quite often used in their differentiated form,
viz.

xh(x) = —¢'(x) + 1217]00o dtq(t)(x — h(|x — ¢t|) 17

xe(x) = —q'(x) + 1217_[00 dtq'(t)q(t — x) (18)

It can be seen that a knowledge of g,(x) would represent a complete resolu-
tion of the problem, since once g(x) is known, A(x) and c¢(x) may be evaluated
for arbitrary x by means of Eqgs. (17) and (18).

From Eq. (2) we have that

M
H(x) = Hy + 4yx2 — > AfcoshAx — 1], 0<x<1 (19
i=1

where
M
y =1+ > (xA?fcosh }) (20)
i=1
A; = oz/cosh A 21
and
H, - f h(t) dt 22)
4]

For 0 < x < 1, on substitution of Eq. (19) into Eq. (12), we find

M
Hy + iyx® — z AgJcosh Ax — 1]
i=1
N
= qo(x) + D BeH=Y
j=1
1
+ 129 qo(r){Ho T il — 1y
0
M
— > Ajeosh A(x — 1) — 1]} dt
i=1

w N
+ 129 f S B #VH([x — 1]) dt
0 j=1



Solution of the Ornstein-Zernike Equation 663

Solving this equation for gy(x), we find that
N
Go(¥) = $Qo(x* = D) + Os(x — 1) + > Bidj[1 — e~#=~]
i=1

M
+ > [Qu(cosh Ax — cosh A) + Q(sinh Ax — sinh A)]
i=1

(23)
O<x<l
where
! y B,e?i
_ 1—12f Hdt — 12 ] 2
0 =1~ 12 [ty = 120 5 B2 24)
1 N 2
0 = 12| [ ator e + > &2 25)
0 i=1 ZJ‘
P ) P S SR VY 26
i = ‘;J_ &(z;) + 2 i; ZZ — A2

1 N 2
O = Ai[—l + 12nf golt) cosh Nt dr + 127 > %Zie—j] 27)
. |

2
=14 — A

i

1 N 2. )
Qiz —1217A,-UO qo(t) sinh At dt + (zl ijj_e J}\_z)/\ij (28)
j= 1

and g(s) is the Laplace transform of xg(x),

g(s) = f ) e~ S%xg(x) dx (29)

The solution for ¢(x) has generated 2 x (N + M + 1) variables, namely
Bisd;i (j=1,.., N), Qi1, Qi (i = 1,..., M) and Q;, Qs, for which we require
2 x (N + M + 1) independent equations. Of these equations, N are pro-
vided by Eq. (10), which we note from the form of q(x) is linear in the vari-
ables d;. Also, substitution of the form of g4(x) from Eq. (23) into Egs.
(24), (25), (27), and (28) yields 2M + 2 equations which are linear in the
variables Q;, Q,, Q.;, and Q,,. Hence linear inversion of the 2M + 2 + N
equations given above will yield expressions for these variables in terms of
the ;. We therefore require an independent equation for g(s) to obtain the
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remaining N nonlinear equations for the quantities 8;. We note that Eq. (17)
may be rewritten in terms of g(x) as

xg(x) = x[l - 12nqu(z) dt] + 1217f°q(1)z dr
g + 120 [ drg(o)x = gtx — 1)

+ 129 j " it g()x — Dt — %) (30)

Using the definitions of Egs. (24) and (35), we find for x > 1

x8(5) = (Qal)x + (Quf) + >, Breze

+ 127/J dig(t)(x — t)g(x — ) (€28
0 .
where
12 o
¢ =1--"120) (32)
_ 127] y—1 A AN2
- dj + _ZT [ 27-2 - :Zl ij _ )\iz] (33)

The form of ¢; comes from noting that for x > 1 the form of ¢(r) in the
last integral in Eq. (30) is simply given by Eq. (9). Equation (31) corresponds
exactly with Bq. (21) of Heye and Blum,*® although the derivation given
here appears to be more straightforward. Multiplying both sides of Eq. (31)
by e~** and integrating from 1 to infinity, we find that

f xg(xX)e™5* dx
1
Q: Q & Bicizi \ s S NA
_ {S [ 1+ s)+ <2 ] + 3 B e o) ()
where §(s) is the Laplace transform of g(r). From Eq. (2) we then find that

&(s) = F(s)/[1 — 12794 (s)] (35a)
where

u SRS

A X cosh)\); :r szsmh)\ Z Biciz; }e s (35b)
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Combining Eqgs. (26), (33), and (35) yields the remaining N equations which
determine the parameters generated in the solution.

3. DISCUSSION

The analysis presented in Section 2 represents a complete resolution of
the problem given by Egs. (1), (2), and (4). A method must now be found
for determining the parameters a;, A, (i = 1,..., M) and K}, z; (j = 1,..., N)
in such a way that the conditions of Egs. (2) and (4) are relevant to some
real, soft-core fluid. With this in mind we examine two extreme cases:

31. M=N=1

When the number of parameters used to describe A(x) and ¢(x) is small,
it would seem to be desirable to use thermodynamic criteria in calibrating
the model. For M = N = 1, we must find four conditions to specify e, A,
K, and z. It should be noted that in this case the parameter B [Eq. (10)] is
found to be the solution of a quartic whose coefficients are related to the
corresponding quartic in the hard-core Yukawa fluid.® In fact, a very
interesting feature of the solution presented in Section 2 is that the assumed
forms of A(x) [Eq. (2)] and ¢(x) [Eq. (4)] do not interfere functionally in the
resulting form of ¢g(x) [Egs. (9) and (23)]. In view of this we find that for
M = N =1 the parameters Qq, Q,, O11, O1s, B, and d are found quite
easily. There are then a number of ways in which to prescribe «, A, K, and z.
One method which we are currently investigating numerically is to assume
Eqgs. (2) and (4) are functional representations of A(x) and c(x) over the
domains stated for a system of particles interacting with realistic potential
#(r). Given the availability of a reasonable equation of state for a fluid
with potential ¢(r), three conditions may be found from the imposition of
thermodynamic consistency between the three routes to the pressure and
the known equation of state. The final fourth condition would be that A(x)
be continuous at x = 1. Under these conditions we expect that the resuiting
correlation functions will be closely related to those of a real fluid.

The case M = N = 1 can also be used in the model sense to investigate
the effect on the critical region, correlation functions, and structure factor
of the inclusion of a soft core, by arbitrarily setting A and z, setting « by
continuity of 4(x) at x = 1, and identifying K as a measure of inverse tem-
perature. This would be assuming a mean spherical approximation-like con-
dition for a soft-core Yukawa fluid.

3.2. Large M, V

When the number of parameters used to describe 4(x) and ¢(x) is large,
it would not be possible to specify the required number of conditions by



666 P. T. Cummings, C. C. Wright, J. W. Perram, and E. R. Smith

purely thermodynamic and continuity considerations. In this case the
parametrized forms of A(x) and ¢(x) [Eqgs. (2) and (4)] may be used to formu-
late a method of investigating the inverse problem in statistical mechanics.®®
The model structure factor Sy (k) is given by

Su(k) = Sulk, @, 2, K, 2) = 1 — pé(k) = Q(k)O(~k) (36)

In formulating the inverse problem, we may regard the parameters a, A,
K, and z as adjustable constants in a least squares fit to an experimental
structure factor Sz(k). By using one of the well-known approximations,
such as Percus-Yevick or hypernetted chain, we can use the correlation
functions A(x) and c(x) to extract the interaction potential ¢ ,(r), where the
subscript 4 refers to the fact that the potential is obtained from an integral
equation approximation.

Previous work on relaxation of the hard-core condition from a corre-
lation function viewpoint*® has shown appreciable improvement in the
radial distribution function by lowering the first peak and dampening oscil-
lations at large distances. It is hoped to be able to obtain the same degree
of improvement using the analytically solvable model proposed in this paper.
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